A new Runge-Kutta-Nyström method, with phase-lag of order infinity, for the integration of second-order periodic initial-value problems is developed in this paper. The new method is based on the Dormand and Prince RungeKutta-Nyström method of algebraic order four [1] . Numerical illustrations indicate that the new method is much more efficient than the classical one.
Introduction
In this paper we study a special Runge-Kutta-Nyström method of Dormand et al. [1] for integrating systems of ODEs of the form
for which it is known in advantage that their solution is periodic or oscillating.
Several authors in their papers (for example see [3, [7] [8] [9] [10] ) have developed Runge-Kutta-Nyström methods with the purpose of making the phase-lag of the method smaller.
The phase-lag of a method, first defined by Brusa and Nigro [2] at 1980. Van der Houwen and Sommeijer [3] proposed second-order m-stage methods (with m = 4, 5, 6) and phase-lag order q = 6, 8, 10 respectively. They also derived some third-order methods with phase-lag order 6, 8, 10 . In [3, 5] Chawla and Rao have constructed Numerov-type methods with minimal phase-lag for the numerical integration of second-order initial-value problems. Simos et al. [8] obtain fourth-order Runge-Kutta-Nyström with minimal phase-lag of order eigth. He also derived in [9] a Runge-Kutta-Fehlberg method of order infinity.
In the present paper and based on the requirements of infinite order of phase-lag, we will construct a phase-fitted four-stage Runge-Kutta-Nyström which is based on the coefficients of the well-known Runge-Kutta-Nyström Dormand et al. [1] method of algebraic order 4.
Phase lag analysis for Runge-Kutta-Nyström methods
The general m-stage method for the equation
is of the form
where
and c 1 = 0 and c m = 1 The above expressions are presented using the well-known Butcher 
By applying the general method (3) to the test equation (5) we obtain the numerical solution
where A, B, A ′ , B ′ are polynomials in z 2 , completely determined by the parameters of method (3) The exact solution of (5) is given by
Substituting in (7), we have
Furthermore we assume that the eigenvalues of D are ̺ 1 , ̺ 2 , and the consequent eigenvectors are [1,
The numerical solution of (5) is
If ρ 1 , ρ 2 are complex conjugate, then c 1,2 = |c|exp(±iw) and ρ 1,2 = |ρ|exp(±ip). By substituting in (9), we have
From equations (8) and (10) we take the following definition.
Definition 1. (Phase-lag). Apply the RKN method (3) to the general method (5). Then we define the phase-lag
, then the RKN method is said to have phase-lag order q.
In addition, the quantity a(z) = 1 − |ρ| is called amplification error. Let us denote
where z = vh. From Definition 1 it follows that
We can also put forward an alternative definition for the case of infinite order of phase lag.
Definition 2. (Phase-lag of order infinity). To obtain phase-lag of order infinity the relation
= 0 must hold.
Derivation of the new Runge-Kutta-Nyström method
In this section we construct a 4-stage explicit Runge-Kutta-Nyström method (presented in Table 1 ), based on R(z 2 ) and Q(z 2 ). Now let us rewrite R and Q in the following form
By computing the polynomials A, B, A ′ , B ′ and therefore R and Q in terms of RKN parameters we obtain the following expressions 2 a 2,1 b 3 c 3 +b 3 a 3,2 a 2,1 +b 4 a 4,3 a 3,1 +b 4 a 4,2 a 2,1 +b 4 a 4,3 a 3,2 −b 4 a 4,3 a 3,2 c 2 ) 1 +b 4 a 4,3 + b 3 a 3,2 +b 3 a 3,2 c 2 +b 4 a 4,3 c 3 +b 4 a 4,2 c 2 
As it has already been defined, in order to have phase-lag of order infinity, the following relation must hold:
By applying R(z 2 ) and Q(z 2 ) to the formula of the direct calculation of the phase lag (12) and substituting the following coefficients that have been used by Dormand et al. in [1] :
After satisfying relation (14), we have:
Our method Dormand and Prince method T=100 T=1000 T=5000 T=100 T=1000 T=5000 The analytical solution is u(t) = cos(t) and z(t) = sin(t) 
ǫtcos(t)]

Conclusion
A new fourth order Runge-Kutta-Nyström method with phase-lag of order infinity is developed in the present paper. The new method is based on the very well known classical Dormand and Prince fourth algebraic order Runge-Kutta-Nystöm method. The numerical results show that the new method is much more efficient for integrating second-order equations with periodic oscillating behavior than the classical one.
